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Submodular Function

e diminishing returns property

Det
f:2¥ - R such that

KSQTQV,veV\T:f(Su{v})—f(S) > f(Tu {v}) — f(T
)

e.g.) ® Coverage Function

Az Given: A4, ..., A, c U
f(8) = | Ujes A |
Ay

Aj



Monotone Submodular Maximization
fS) <f(T) (SCT)

-

f:2Y - R, : Monotone Submodular, f(@) =0
max f(S) s.t. Sec
AN

4

S| < r, etc.

® Generalization of Many Problems

e.g., Maximum Coverage, Facility Location
® Many Practical Applications

e.g., Machine Learning, Vision, Economics



Monotone Submodular Maximization with a
Cardinality Constraint

|Fisher-Nemhauser-Wolsey 1978]
/f: 2V > R., : Monotone Submodular A

max f(S) s.t. |S|<r

17~ Greedy algorithm achieves (1 — 1/e)-approximation

\

f(8) = (1 —-1/e) f(OPT)

r N
1=~ Approximation ratio 1 — 1/e is optimal
[Nemhauser-Wolsey 1978] |

\_




Monotone Submodular Maximization with a
Matroid Constraint

/f: 2V > R., : Monotone Submodular
max f(§) s.t. | SeT

1= (1 — 1/e)-approximation ?

\




Monotone Submodular Maximization with a
Matroid Constraint

/f: 2V > R, : Monotone Submodular N
max f(§) s.t. | SeT

=~ Continuous Greedy achieves (1 — 1/e)-approximation
K |Calinescu-Chekuri-Pal-Vondrak 2007]/




Matroid M = (V,7)
/Def )

A finite set V and non-empty family of independent sets 7 € 2V such that
0S'cSe] = S €T
®@S5,Te 7,|S|>|T|=3e€S —Tst.Tufele J

/
e.g.) e Graphic Matroid ® Linear Matroid
0120
31 2 3
V = edges 2 01 3 V = row vectors
J = forests 1 9 3 0 J =linearly independent




Time Complexity Analysis

-

\

1=~ Algorithm accesses a submodular function and a matroid

through an oracle

® Value oracle query: f(S) =7

® Independence oracle query: Is S € 77




(1 —1/e)-approximation for Monotone

Submodular Maxization with a Matroid Constraint

Query Complexity

2007

Calinescu-Chekuri-Pal-Vondrak 6(118)

n = |V|, r =rank of matroid (< n)




(1 —1/e — €)-approximation for Monotone

Submodular Maxization with a Matroid Constraint

Query Complexity

2007 | Calinescu-Chekuri-Pal-Vondrak 6(118)
2017 Filmus-Ward ée(rn4)
2014 Badanidiyuru-Vondrak Oe(rn)
2015 | Buchbinder-Feldman-Schwartz | O, (r? +/Tn)

n = |V|, r =rank of matroid (< n)




(1—1/e — e)-approximation for Monotone

Submodular Maxization with a Matroid Constraint

Query Complexity

2007 | Calinescu-Chekuri-Pal-Vondrak 6(118)
2012 Filmus-Ward ée(rn4)
2014 Badanidiyuru-Vondrak Oe(rn)
2015 | Buchbinder-Feldman-Schwartz | O, (r? +/Tn)
2024 This work 0.(\/Tn)

n = |V|, r =rank of matroid (< n)




Continuous Greedy Algorithm

[Calinescu-Chekuri-Pal-Vondrak 2007]

Discrete
max f(S) s.t. S€J

/

submodular function f:2V - R,




Continuous Greedy Algorithm

[Calinescu-Chekuri-Pal-Vondrak 2007]
Stepl. Continuous Relaxation

Discrete Continuous
max f(S)s.t.S€g ™)  max F(x) s.t. x € B(M)

- A

multilinear extension F:[0,1]V - R, matroid base polytope
F(x) = Xscy F(S) [lyes Xv [lyens(1 — xy) B(M) = conv {yp | B € B}




Continuous Greedy Algorithm

_ [Calinescu-Ch_ekuri—PéI—Vondrék 2007]
Stepl. Continuous Relaxation

Discrete Continuous
max f(S) s.t.S€J ™)  max F(x) s.t. x € B(M)

Step2. Continuous Greedy
Algorithm

X € B(M)

S.1.
E[F(x)] = (1 —1/e — €)f(OPT)



Continuous Greedy Algorithm

_ [Calinescu-Ch_ekuri—PéI—Vondrék 2007]
Stepl. Continuous Relaxation

Discrete Continuous
max f(S) s.t.S€J ™)  max F(x) s.t. x € B(M)

lStepZ. Continuous Greedy

Algorithm
Se] X € B(M)
S.1. _ S.1.
E[f($)]=(1—-1/e—€)f(OPT) E[F(x)] = (1-1/e—¢€)f(OPT)

Step3. Rounding



Fast Continuous Greedy Algorithm

Discrete Continuous
max f(S) s.t. Se g ) max F(x) st.x € B(M)
Continuous Greedy Alg

0.(rn) queries

|Badanidiyuru-Vondrak 2014]
SE]T x € B(M)
S.1. _ S.1.
E[f($)]=(1—-1/e—¢€)f(OPT) E[F(x)] = (1—-1/e—¢€)f(OPT)

Rounding



Fast Continuous Greedy Algorithm

Discrete Continuous
max f(S) s.t. Se g ) max F(x) st.x € B(M)
Continuous Greedy Alg

0.(rn) queries

|Badanidiyuru-Vondrak 2014]
SE]T x € B(M)
S.1. _ S.1.
E[f($)]=(1—-1/e—¢€)f(OPT) E[F(x)] = (1—-1/e—¢€)f(OPT)
Rounding

[ 0.(r*) queries [Chekuri-Vondrak-Zenklusen 2010] ]




Fast Continuous Greedy Algorithm

Discrete Continuous
max f(S) s.t. Se g ) max F(x) st.x € B(M)

Continuous Greedy Alg
0.(y/Tn) queries }
]

|[Buchbinder-Feldman-Schwartz 2015

SE] x € B(M)
S.1. G S.1.
E[f($)] = (1—1/e—€)f(OPT) E[F(x)] = (1—-1/e - €)f(OPT)
Rounding

[ 0.(r*) queries [Chekuri-Vondrak-Zenklusen 2010] ]




Fast Continuous Greedy Algorithm

Discrete Continuous
max f(S) s.t. Se g ) max F(x) st.x € B(M)

Continuous Greedy Alg
l[ﬁe(ﬁn) queries }
]

|[Buchbinder-Feldman-Schwartz 2015

SE] x € B(M)
S.t. G S.t.
Elf($)] = (1 —1/e—€)f(OPT) E[F(x)] = (1 —1/e — €)f(OPT)
Rounding

[ 56(1‘3/2) queries [This work] }




Swap ?Ounding A‘gorlthm [Chekuri-Vondrék-Zenklusen 2010]

P X=P1Xp, t+ + BiXs,
N
Input: x € B(M) represented as a convex combination of t bases

A7

 B(M

A B A) @ BixB, + B2xB, + B3XB;
=\ > 2 X B;

0~ mg\\ XB )




Swap ?Ounding A‘gorlthm |Chekuri-Vondrék-Zenklusen 2010]

\

<
Input: x € B(M) represented as a convex combination of t bases

Output: basis § s.t. IE[F()(S)] > F(x) for any submodular function f )

F(Xs)_f(s) é
0. 7,0

o%a

o

XS




Fast Rounding Algorithm

- N
Input: x € B(M) represented as a convex combination of t bases

Output: basis S s.t. E[f(S)] = (1 — €)F(x) for any submodular function f

o

Thm [Chekuri-Vondrak-Zenklusen 2010]
Algorithm using 0(r?t) independence queries

Thm [This work]
Algorithm using 0.(r3/?t) independence queries




Swap Rounding Algorithm of [Chekuri-Vondrak-Zenklusen 2010

/vaapRound(x = fBixp, + -+ ﬁt)(Bt) \

Ci « By, y1 < b1
Fori=1,..t —1:

Ci+1 < MergeBases(y;, C;, Bi+1, Bis1 )
Yit1 < Vi + Bi+1

\_ Return ¢, %




Swap Rounding Algorithm of [Chekuri-Vondrak-Zenklusen 2010

/vaapRound(x = P1Xp, + -+ ﬁt)(Bt) \

Ci « By, y1 < b1
Fori=1,..t —1:

Ci+1 < MergeBases(y;, C;, Bi+1, Bis1 )

Yie1 < Vi T Bita ~
\_ Return ¢, MergeBases( By, By, B2, B, )
While B; # B,:

(Stepl) Find v,u such that B +v—u€j
and B, +u—veij

(Step2) By « By +v—u w.p. B,/(B1 + B2)
B, « B, +u—v w.p. B /(B1 + B2)




Swap Rounding Algorithm of [Chekuri-Vondrak-Zenklusen 2010

Ci « By, y1 < b1
Fori=1,..t —1:

Yie1 < Vi + Biva
\_ Return C,

/vaapRound(x = fBixp, + -+ ﬁt)(Bt) \

Ci+1 < MergeBases(y;, C;, Bi+1, Bis1 )

~

MergeBases( 3,, B, 5,,B, )

O(r) queries

While B; # B,: O

(Stepl)[Find v,usuchthat By +v—ue€j

and B, +tu—vej

J

(Step2) By « By +v—u w.p. B,/(B1 + B2)
B, « B, +u—v w.p. B /(B1 + B2)




Swap Rounding Algorithm of [Chekuri-Vondrak-Zenklusen 2010

{ Thm [Chekuri-Vondrdk-Zenklusen 2010] J
Use O(r?t) independence queries

/vaapRound(x = B1xp, + -+ ﬁtx3t> \

Cy < By, y1 < b1
Fori=1,..t —1:

Civ1 < MergeBases(y;, C;, Biv1, Biv1 )
Yitr < Vi + Biv1 :
\_ Return ¢, MergeBases( 8, By, 5,, B, ) O(r) queries
Wh||e Bl * B’) —\ N
(Stepl)[Flnd v,usuchthat By+v—-uejg
and B, +u—veJ )
(Step2) By « By +v—u w.p. B,/(B1 + B2)
B, « By +u—v w.p. B1/(B1+ B2)

: Fact: Stepl is executed O(rt) times]
: Fact: E[F(x)] does not decrease in Step? ]




Contribution 1: Use of a dicycle of arbitrary length

®"[Chekuri-Vondrak-Zenklusen 2010]
Use of vyusuchthatB;+v—-—u€ejand B, +u—v EI]]

I Bi\Bs By\Bj

[Use of a dicycle of arbitrary Iength] o——o

®"[This work]

Bi+v—uelj

o

B,+u—-—velj




Contribution 1: Use of a dicycle of arbitrary length

®"[Chekuri-Vondrak-Zenklusen 2010]
Use of vyusuchthatB;+v—-—u€ejand B, +u—v EI]]

\
‘ dicycle of length two (bidirected edge)
Bi\Bs By\Bj

®"[This work]

[Use of a dicycle of arbitrary Iength] o——o

Bi+v—uelj

ee—0

B,+u—-—velj

A\




Contribution 1: Update via dicycle

(wp. B/ B+ B BI\B, B:\B,

Update B, —
w.p. 1/ (B + B2 By +v_ucr
L Update B, y

B, +u—velj




Contribution 1: Update via dicycle

(W BB+ B
Update B,
w.p. By /By + )
\_ Update B, y

Pick i unif. at random from {0, 1}
B, < By +ujy1 —v;

B1\ B>

o—9

Bi+v—uelj

B, +u—velj




Contribution 1: Update via dicycle

(wp. B/ B+ B BI\B, B:\B,
Update B, —
w.p. Bo/(Br + By) Bt o e
\_ Update B, Y o—b

Pick i unif. at random from {0, 1} B,+u—vej

B, « B, +ujyq —v;

| Lem: E[Byxgpew + Boxpyen| = BiXpoia + BaX g |




Contribution 1: Update via dicycle

(W BB+ B
Update B,
w.p. By /By + )
N

Pick i unif. at random from {0, 1}

B, « B, +ujyq —v;

Bi\Bs Bs\Bj

o—9

Bi+v—-—uelj

B,+tu—velj

E[F(x"*")] > F(x°')

; -

| Lem: E[Byxgpew + Boxpyen| = BiXpoia + BaX g |




Tool for Fast Matroid Intersection
[Nguyén 2019, Chakrabarty-Lee-Sidford-Singla-Wong 2019]

B:\Bs B,\B;

- N
lnput : M =(V,7), BeJ, veV\B, ASB

Find tu€eAst.B+v—ueljg
N

)

v—u € g

O(log|B|) independence query
using binary search




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. J




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. }

mnd a dicycle B1\B> Bz\BN
(D Sample L (resp., R) of 0(\/r) elements from o o
B; \ B, (resp., B, \ B;) . .

\_ ] UR/




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. J

mnd a dicycle

(D Sample L (resp., R) of O(y/r) elements from
B, \ B, (resp., B, \ B;)
@ Find a directed edge to each vertex in G[L U R]

\_

B\ B>

By\ B

i

s




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p.

|

mnd a dicycle

@ Sample L (res

O(+/7) queries by binary search
B, \ B, (resp., Bt~ ;
@ Find a directed edge to each vertex in G[L U R]

\_

B1\B:
o

By\ B

>




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. J

mnd a dicycle

(D Sample L (resp., R) of O(y/r) elements from
B, \ B, (resp., B, \ B;)

(2 Find a directed edge to each vertex in G[L U R]
@ If (indegreeof ve LURING[LUR]) =0
Then Find a bidirected edge tov in G

B\ B;
O

BQ\BN

B




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. J

mnd a dicycle B1\B> Bz\BN

(D Sample L (resp., R) of O(y/r) elements from o
B, \ B, (resp., B, \ By) . .
(2 Find a directed edge to each vertex in G[L U R]

@ If (indegree of ve LURING[LUR]) =0 ”

Then Find a bidirected edge to v in G - |
/\ L
_ _ R
\ Lem. O(\/7) queries w.h.p. by binary search /




Contribution 2: Fast Algorithm to find a dicycle

Lem.
{ We can find a dicycle using 0(y/r) independence queries w.h.p. J

mnd a dicycle B1\B; Bz\m
O O

(D Sample L (resp., R) of O(y/r) elements from
B; \ B; (resp., B, \ B;)

(2 Find a directed edge to each vertex in G[L U R]
@ If (indegree of ve LURING[LUR]) =0
Then Find a bidirected edge to v in G

Else There is a dicycle in G[L U R] L

R/




Conclusion

" Improvement on the query complexity of Monotone Submodular
Maximization with a Matroid Constraint

= Rounding Algorithm faster than [Chekuri-Vondrak-Zenklusen 2010]

[ Use of a dicycle of arbitrary length A

" Fast algorithm to find a dicycle

_ = Binary search technique used in fast matroid intersection

Q. Further improvement ?

Q. Query complexity in the dynamic-oracle model ?
[Blikstad-Mukhopadhyay-Nanongkai-Tu 2023]

ct. ® rank oracle queries : 0.(n + r3/2) queries [This work]
® graphic matroid, partition matroid, etc. : nearly-linear time
[Ene-Nguyén 2019, Henzinger-Liu-Vondrak-Zheng 2023]



