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input : two rxn matrices My , Me

output : maximum-size column set that is linearly independent
in both M , and M2

D &⑤

O·
Me = ( ) Ok!

!
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Importance of Linear Matroid Intersection

input : two rxn matrices My , Me

output : maximum-size column set that is linearly independent
in both M , and M2

Generalizes many important problems inCombinatorial Optimization.m

& Bipartite matching , Packing Spanningtrees, Arborecences
·
· · i

⑳· · ··

-·



Fast Algorithm for Matrices
· Product of two nxn matrices

T
trivial : O(n3)
Strassen 69 O(Gloga") = 0 (n2 -807)

i

Alman- Duan-V . Williams
- Xu-Xu-Zhoust 0 (n2 . 372339)
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· Computation of rank
, inr . matrix of non matrix : 0(n) time

· (rxn) x (nxr) : O(nyw-1) time

~Enr
zrectangular matrix+n
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(nxn) x (n yn) : 0(n") (w(e .32)

Fast olgorithm (rxn) x (nxr) : 0(nna-)

to compute the rank ofan ryn matrix

PF = rank(M) , unz(M) := #non-zero elem ,
inM

Cheung-Kwok-Lau'13 : O(nz(M)+)
n

↑

input se requires to check
if Exr matrix isfullvank

.

·Runningtimethfully expotathe smallnessof "
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input: Mir
output: max,size column set
that is linearly independent in My, Ma
1 VX = size of optimal sol.

&
. Can we solve linear matroid intersection

in (nnz(Mil + nnz(Ma) + rx) time ?
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I

for Linear Matroid Intersection
input: Mir

Edmonds'O P output: max,size column set
that is linearly independent in My, Ma
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Gabow-Xu'89 &(nvy- w))=(n,02)

Harvey Of (npa - 1)

agebraicrandomized algo.
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(nxn) x (n xn) : 0(n") (w(e .372)
Time Complexities I (rxn) x (nxr) : 0(nna-)

I

for Linear Matroid Intersection
input: Mir

Edmonds'O

I
P output: max,size column set

that is linearly independent in My, Ma

Cunningham'sG (nrE 1 VX = size of optimal sol.

Gabow-Xu'89 exact &(nvy- w))=(n,02)

Harvey Of (npa - 1)

Cheung-Kwok Lau'23 ↑ (nnz(Mi) + nz(M2)+n

This work (1-8)- approx· Ts (nnz(Mi) + nnz (Ma) + ri)



I

input: Mir
output: max,size column set
that is linearly independent in My, Ma
I rX = size of optimal sol.&

. Can we solve linear matroid intersection
in (nnz(Mil + nnz(Ma) + rx) time ?

A
.

It's possible to obtain
a (1-5)-approx, SoI. I



(nxn) x (n yn) : 0(n") (w(e .32)
Time Complexies for kron) = (nx+) : 0(nna-)

Weighted Linear Matroid Intersection
-

DO... D

input:
MirFI weight C : [D, . . .,4 + Ro
MurI

output: column set IESD, . . . ,&
5) is maximized

Huang-Kalimura
Vx = optimal size for unweighted version.

- Kamiyama16 (1-3)-approx· Ts(nuz<Mil + nuz) M2) +n)

this work (1-2) - approx· s (nnz(Mi) + nnz (Ma) + r)
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Linear Matroid Intersection input: Mir
thiswork output: max,size column set

that is linearly independent in My, Ma
1 rX = size of optimal sol.

L (1-E)
-approx .

↑ (nnz (Mi)+ nnz(M2) + r) time

Idea

matroid intersection algo. Fast computation
in the oracle model +

by Quanrud'24 of span



input : two matroids
Mi = (V, [i)

,
(V, Ja)Matroid Intersection Algo .

of Quanrud's4 output : max. size It [int
n= (V1 , rx = 111

② we t1 (forev)log(n)(a)
② for 1: 1 to L do

(a) Sample VEV of size(V*)

I ( each elem .
eeV is sampled in proportion to w(e))

(a) Compute primal sol. [()
dual sol . (5) ,Fell on the sampled Set V

(c) S(e) = Spann . (5) , The = Spanne (*()

(d) for etSiPuT1
, wel = was/2

③ Output max , size I'l over all iterations
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input : two matroids
Mi = (V, [i)

,
(V, Ja)Matroid Intersection Algo .

of Quanrud's4 output : max. size It [int
n= (V1 , rx = 111

② we t1 (forev)log(n)(a) linear matroid
intersection

② for 1: 1 to L do

(a) Sample VEV of size(Vy)
( each elem .

eeV is sampled in proportion to w(e))I~mal sol . (5) ,Fell on the sampled set vl
F

(a) Compute primal sol. [()I ms(r) time
-
-

(d)S(e) = Spann . (5) , The = Spanne (*() by Harveyof-
(d) for etSiPuT

, we was/2
* How about

③ Output max , size I'l over all iterations
this part ??



I(nxn) Y (n xn)
: 0(n") (w(2 .372)

Task : Fast computation of spanu(s) cron) - (nx r) : 0(nra-)

Do .... D

input:xu matrix M
= r/I

, Sere.....)

Ioutput: spanu (s)
=(QEGD

,
..., /rank)M(S)) = rank(M[Sude(3)]

S

! I



(n xn) : 0(n") (w(2 .372)

Task : Fast computation of span(s)/ cra : ocura

input:xu matrix M
= rP

, Sere....)

trivial =(QEGD
,
...,/rank)M(s)) = rank(M[Sude(3)]

Chaussian elimination) 0 (n
+2)

output: spanu (s)

# I
using famous fact O(nrw-1)

&equires to compute (vxn)-(nxr)



(n xn) : 0(n") (w(2 .372)

Task : Fast computation of span(s)/ cra : ocura

input:xu Matrix M=,
SES0

,
0
,
... a)

trivial output: spanu (s)

Chaussian elimination) 0 (n
+2)

=(QEGD
,
...,/rank)M(s)) = rank(M[Sude(3)]I#

using famous fact O(nrw-1)

-Requires to compute (vxn) = (nxr) .

-GoalT(nnz() + ra)
Irequires to avoid (rxn) x (nxr)
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Hint : Freivalds' Algo.

input : nxn matrices A,B, C

output : check whether AxB= C

En
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(nxn) x (nxn) : 0(n *) (w(e .372)
Hint : Freivalds' Algo.

input : nxn matrices A,B, C

output : check whether AxB= C

En
thecomplexes &trivial O(n") avoid to compute (nxn)+(nxn)

Freivalds79Cntrandomized algo.



(nxn) x (nxn) : 0(n *) (w(e .372)
Hint : Freivalds' Algo. input : nxn matrices A ,B, C

-randomized(n) time output : check whether AxB= C

En

② Sample an n-dim rector Ire 50 , 1 , ...,R- 1)
n

I

② if A (Bir) = CI
,
then "Yes !, otherwise "No.

EIIEI:FI
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(nxn) x (nxn) : 0(n *) (w(e .372)
Hint : Freivalds' Algo. input : nxn matrices A ,B, C

-randomized(n) time output : check whether AxB= C

En

② Sample an n-dim rector I =50 , 1 , ...,R- 13"
11② if A (Bir) = Cir

,
then"Yes"!, otherwise No .

#
. if AB = C then algo , always output"Yes"
· if ABFC then algo , output "No"

w . p . = 1- 4



X (n xn) :0(n) (w < 2 .312)

New!: Fast computation of span(s)/ can : ocura

input:xu matrix M
=r/I

, Sere.....)

Randomized(nuz (M) + (2) time output: spannis

Do .... D

I=SQED,...,/ Irank) M[s]) = rank(M[Sudd(3) &

#
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x (n xn) : 0(n") (w(e .372)

New!: Fast computation of span(s)/ can : ocura

input:xu matrix M
=r/I

, Sere.....)

Randomized(nuz (M) + (2) time output: spannis

Do .... D

I=(QEGD
,
...,/rank)M(s)) = rank(M[Sude(3)]

#-=Wi= column space of MCS] orthogonal complement of w

& Sample a vector It EWE NETVWeW ,
v - w= 03

" Compute a basis 91s , .... desk of Wh
· IV = Er thi (Vi : random number)

#nnz(M) + ra) time



New!: Fast computation of span(s) /On
input:xu Matrix M=,

SES0
,
0
,
... a)

Randomized(nuz (M) + (a) time out spanus0... /rank)M(s)) = rank(MSSucel)) I#-=Wi= column space of MCS] orthogonal complement of w

& Sample a vector It EWE NETVWeW ,
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z(M)time
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, Sere....)
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# I=(QEGD
,
...,/rank)M(s)) = rank(M[Sude(3)]

& Sample a vector It EW : /NEFIVEW ,
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New!: Fast computation of span(s)/ can : ocura

input:xu matrix M
= rP

, Sere....)

Randomized(nuz (M) + (2) time output: spannis

# I=(QEGD
,
...,/rank)M(s)) = rank(M[Sude(3)]

& Sample a vector It EW : NEFYVWeW ,
N . w= 03

② spanu(s) = SQeSo, ...,3) in ima = 09

. if Despanuls) thenTimo = O
· if & A spanm(s) thenMDO Whp .



I

Conclusion input: Mir
output: max,size column set
that is linearly independent in My, Ma

· (weighted) linear matroid intersection
= size of optimal sol

(1-3)-approx. z(nnz(M1)+ nnz (Ma) + r) time

⑫yexploTMi and

"the smallness of ry"


