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Abstract

We consider monotone submodular maximization subject to a matroid constraint. The semi-
nal continuous greedy algorithm of Calinescu, Chekuri, Pal, and Vondrak [SICOMP’11] achieves
the tight approximation of (1 — 1/e). Since then, a line of works by Badanidiyuru and Von-
drak [SODA’14], Buchbinder, Feldman, and Schwartz [SODA’15 & MOR’17], Kobayashi and Terao [[CALP’24],
Buchbinder and Feldman [FOCS’24 & SICOMP’25], and Buchbinder and Feldman [STOC’25] has
developed efficient (1 — 1/e — €)-approximation algorithms for this problem.

We present a combinatorial randomized (1 — 1/e — €)-approximation algorithm that requires
O.(n) independence-oracle and value-oracle queries, where 7 is the number of elements in the
matroid. This is the first (1 — 1/e — ¢)-approximation algorithm with both independence-oracle
and value-oracle query complexities nearly-linear in n and polynomial in 1/¢. To achieve this, we
develop a new local search algorithm, which we call protected local search, based on the potential
function of Buchbinder and Feldman [FOCS’24 & SICOMP’25].
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1 Introduction

Submodular maximization is a fundamental and well-studied problem in theoretical computer science
and combinatorial optimization. In particular, the problem of maximizing a nonnegative monotone
submodular function subject to a matroid constraint is one of the most extensively investigated settings.

The study of submodular maximization was initiated by a seminal work of Fisher, Nemhauser, and
Wolsey in the 1970’s [NWF78,FNW78 |NW?78]. They showed that, for monotone submodular maxi-
mization, the natural greedy algorithm achieves a (1 — 1/e)-approximation for a cardinality constraint
and a %—approximation for a matroid constraint. They [NW78] also showed that, for any constant
d > 0, achieving a (1 — 1/e + d)-approximation requires exponentially many value-oracle queries,
even under a cardinality constraint. Thus, the factor 1 — 1/e is optimal for a cardinality constraint.

To obtain an optimal (1 — 1/e)-approximation algorithm for a matroid constraint, Calinescu,
Chekuri, Pal, and Vondrak [CCPV11] developed a new framework based on continuous optimiza-
tion and a rounding technique. Their algorithm first obtains a (1 — 1/e)-approximate solution to
the problem of maximizing the multilinear extension of f, a natural continuous extension of f, via the
continuous greedy algorithm, and then rounds it to an integral solution via pipage rounding [AS04].
Consequently, their algorithm achieves the optimal (1 —1/e)-approximation. Note that, although their
algorithm runs in polynomial time, its running time is very high.

Since submodular maximization has a number of applications, providing efficient approximation
algorithms is a fundamental task both in theory and practice. Thus, it has received considerable atten-
tion to develop fast submodular maximization algorithms that achieve an approximation close to the
optimal factor, typically with an approximation factor of 1 — 1/e — e.

In submodular maximization subject to a matroid constraint, it is standard to assume that the
objective function f is accessed through a value oracle and that the family Z C 2N of independent sets
is accessed through an independence oracle. In this setting, the efficiency of an algorithm is usually
measured by the number of queries it makes to these oracles.

Badanidiyuru and Vondrak [BV14] presented a fast algorithm that achieves an almost optimal ap-
proximation factor 1 — 1/e — ¢, for any & > 0, for a matroid constraint. Their algorithm uses O, (nr)
value-oracle queries and O, (n + 7“2) independence-oracle querie where 7 is the number of elements
in the matroid and r is the rank of the matroid. Their algorithm combines a fast implementation of the
continuous greedy algorithm, which uses O, (nr) value and O, (n) independence oracle queries, with
the swap rounding of Chekuri, Vondrak, and Zenklusen [CVZ10|], which rounds the resulting convex
combination of 1/¢ bases using O(r?/¢) independence oracle queries.

Buchbinder, Feldman, and Schwartz [BFS17|] developed another fast implementation of the contin-
uous greedy algorithm, which exhibits a trade-off between the numbers of value and independence or-
acle queries. In particular, they obtained a (1—1/e—e)-approximation algorithm using O, (n/r) value
oracle queries and Og(n\/; + 72) independence oracle queries. As in the algorithm of Badanidiyuru-
Vondrak, the O.(r2) term in the independence query complexity is due to swap rounding.

Kobayashi and Terao [KT24] improved the independence query complexity of the swap rounding of
Chekuri, Vondrék, and Zenklusen [CVZ10] to O, (r*/?). Combined with the algorithm of Buchbinder,
Feldman, and Schwartz, this yields a (1 — 1/e — )-approximation algorithm using O, (n/r) value and
independence oracle queries.

In another line of work, Filmus and Ward [FW14] presented the first combinatorial (1 — 1/e)-
approximation algorithm, which requires no rounding. Their algorithm is based on non-oblivious local
search, i.e., local search guided by an auxiliary potential function instead of f, which is estimated by
sampling and thus makes the algorithm randomized.

All of the above (1—1/e—¢)-approximation algorithms for a matroid constraint are randomized. In
a breakthrough work, Buchbinder and Feldman [BF25al] presented the first deterministic (1—1/e—¢)-
approximation algorithm, which is based on the non-oblivious local search and uses O(nr - 20(1/9))

'The O notation hides polylogarithmic factors in n, and the O notation additionally hides polynomial factors in e ~*.



Reference Value queries Independence queries Type

Calinescu, Chekuri, Pal and Vondrak [CCPV11]] poly(n) poly(n) R
Filmus and Ward [FW14] poly(n) poly(n) R
Badanidiyuru and Vondrak [BV14] O.(nr) O.(n+1?) R
Buchbinder, Feldman, and Schwartz [BFS17]] O.(n\/7) O (ny/r +12) R
Kobayashi and Terao [KT24] O.(ny/7) O.(ny/r) R
Buchbinder and Feldman [BF25al] O(nr -200/9)) O.(nr) D
Buchbinder and Feldman [BF25al] O((n + ry/n) - 200/9) O.(n +7ry/n) R
Buchbinder and Feldman [BF25b]] O(n - 200/Y) O.(n + r3/?) R
Theorem O(n - 200/2) O.(n) D
Theorem O.(n) O.(n) R

Table 1: Oracle-query complexities for maximizing a nonnegative monotone submodular function sub-
ject to a general matroid constraint. Here, D and R denote deterministic and randomized algorithms,
respectively. Note that the O notation hides polylogarithmic factors in n, and the O, notation addi-

tionally hides polynomial factors in e .

value oracle queries and Og(nr) independence oracle queries. With randomization, these query com-
plexities can be reduced to O((n + r/n) - 2°0/9)) and O.(n + rv/n), respectively.

Subsequently, Buchbinder and Feldman [BF25b] introduced the extended multilinear extension,
which enables deterministic implementations of both the fractional maximization step and the round-
ing step of the continuous greedy framework. As a by-product, they obtained a randomized (1—1/e —
¢)-approximation algorithm using O (n - 2°(1/¢") value oracle queries and O (1 4 r3/2) independence
oracle queries, which is nearly-linear in n when 7 = O(n?/®). We note that, unlike the algorithms
of [BV14,BFS17,KT24]], the value query complexities of these algorithms depend exponentially on 1 /.

Buchbinder and Feldman [BF25a]] posed, as an open question, whether the query complexity can
be further improved to be nearly-linear in n for all values of r, rather than only for r = é(nQ/ 3) as
in [BF25D).

1.1 Our Results

Table[l|summarizes the best known complexities of (1 —1/e — ¢)-approximation algorithms for mono-
tone submodular maximization subject to a matroid constraint, together with our new results. We de-
velop a new local search algorithm, which we call protected local search, based on the potential function
of Buchbinder and Feldman [BF25a]]. Our main result is the following theorem.

Theorem 1. Foranye > 0, there is a randomized algorithm that achieves a (1 —1/e —€)-approximation
for maximizing a monotone submodular function subject to a matroid constraint and uses O(n-poly(1/e,logn))
value and independence oracle queries.

This is the first (1 — 1/e — ¢)-approximation algorithm with both independence-oracle and value-
oracle query complexities nearly-linear in n and polynomial in 1/e. In particular, this resolves the
open question posed by Buchbinder and Feldman [BF25al].

Our algorithm can also be derandomized at the cost of an exponential dependence on 1/¢ in the
value-oracle query complexity.

Theorem 2. Foranye > 0, there is a deterministic algorithm that achieves a (1—1/e—¢)-approximation
for maximizing a monotone submodular function subject to a matroid constraint and uses O (n-poly(log n)-
2001/2)) value-oracle queries and O(n - poly(1/e,logn)) independence-oracle queries.



1.2 Additional Related Work

Buchbinder and Feldman [BF25b] also gave a deterministic algorithm that computes a value V' with
(1—1/e —&)f(OPT) < V < f(OPT) using O(n - 2001/=")) value-oracle and O.(n) independence-
oracle queries. Unlike our algorithm, however, it only estimates the optimal value and does not output
a feasible solution.

Recently, faster algorithms based on the continuous greedy framework have been developed for
several important classes of matroids. Specifically, (1 — 1/e — ¢)-approximation algorithms using
nearly-linear value-oracle queries and arithmetic operations are known for graphic and partition ma-
troids [EN19|] and for laminar and transversal matroids [HLVZ23].

Ganz Rozenman, Kulik, Schwartz, and Singh [GRKSS26]] proposed a different approach based on a
stochastic Poisson process, which requires neither discretization nor rounding. For partition matroids,
their approach yields a (1 — 1/e — €)-approximation algorithm using O(n - poly(1/¢)) value oracle
queries, which is linear in n.

2 Preliminaries

Basic Notation. Let R, denote the set of non-negative real numbers. Throughout this paper, let
N be a finite set and let n denote its cardinality. For a set A C A and an element v € N, we will often
write A+ v := AU{v} and A —v := A\ {v}. For a positive integer k, let [k] := {1,...,k}. For a set
function h, a set S, and an element v, we write h(v | S) := h(S + v) — h(S). Note that k(v | §) =0
ifves.

We assume without loss of generality that 0 < ¢ < 1/4. We say that an event happens with high
probability (w.h.p.) if it happens with probability at least 1 — (¢/n)¢, where ¢ > 0 is an arbitrarily large
constant that affects only the constant factors in the query complexity.

Submodular Functions. Let f: 2V — R be a set function on a finite ground set N of size n.
The function is submodular if f(A) + f(B) > f(AU B) + f(AN B) for any two subsets A, B C N.
The function is monotoneif f(A) < f(B) for any subsets A C B C V. In this paper, we only consider
monotone submodular functions. For such a function, f(v | A) > f(v | B) holds forany A C B C N
and v € N; we refer to this inequality simply as submodularity.

Matroids. A pair M = (N, Z) of a finite set N and a non-empty set family Z C 2V is called a
matroid if the following properties are satisfied.

(Downward closure property) if S € Zand S’ C S, then S’ € 7.

(Augmentation property) if S,S" € 7 and |S’| < |S], then there exists v € S\ S such that

S'+vel.

A set S C N is called independent if S € 7 and dependent otherwise. The rank of M is defined as
the size of a largest independent set. In addition, for a subset S C N, the rank of S is defined as the
size of a largest independent set contained in S. Inclusion-wise maximal independent sets are called
bases. Note that every basis has the same size. Throughout this paper, r denotes the rank of M. Before
running the algorithm, we remove all loops of M, i.e., elements u € N with {u} ¢ Z. Hence, we
assume without loss of generality that M has no loops.

Problem. We consider the problem of maximizing a monotone submodular function f: N
R subject to a matroid M = (N, Z), thatis, max{ f(S) | S € Z}. We denote by OPT € Z an optimal
solution.



Oracles. When we consider the submodular maximization problem, we assume that the submod-
ular function f is given as a value oracle, which takes as input any subset S C A and outputs f(S). We
also assume that we access a matroid M through an oracle. Given a subset S C A/, an independence
oracle outputs whether S € 7 or not.

2.1 Basic Facts on Submodular Functions

We use the following basic inequalities for submodular functions.

Fact 3 (From [BF25a, Lemmas 2.2 and 2.3 in the journal version]). Let f: oN R4 be a submodular
function.

(@ IfSCTCWN, thenZueT\sf(u | T —u) < f(T) — f(5).
(b) Forall S, T C N, ,cr f(u]|S)> f(SUT) — f(95).

2.2 Binary Search Technique

Nguyen [Ngu19] and Chakrabarty, Lee, Sidford, Singla, and Wong [[CLS™19]] independently presented
the so-called binary search technique, which is useful for improving the query complexity of matroid
problems.

Lemma 4 (Binary Search Technique [Ngu19,/CLS"19])). Let M = (N, Z) be a matroid. LetS € Z,T C
S, andv € ./\/\ S. If there exists an element u € T such that S + v — u € Z, then such an element can
be found using O(log |T'|) independence oracle queries.

The idea behind Lemma[4]is to perform binary search on T'. We skip the proof in this paper.

2.3 The Lifted Matroid and Potential Function of Buchbinder and Feldman

In this subsection, we describe the lifted matroid and the potential function, which were used in the
non-oblivious local search algorithm of Buchbinder and Feldman [BF25a], and present some of their
useful properties. Our algorithm also performs local search on this lifted matroid, guided by the same
potential function, but it updates the solution in an entirely different way, as we explain in Section

Throughout the rest of this paper, we set £ = [1/¢], so that 1/¢ < e and ¢ = O(1/¢). We use the
following coefficients of Buchbinder and Feldman [BF254]:

(14 1/0)k1
-1
(k1)
We also write k = (£ + 1)ay = £(1 + 1/¢)*. Here, wehave 1 — {/k =1 — (1 +1/0)¢>1—-1/e—¢

(see Fact[7).

ag = 0, o = (k? € [E])

Lifted Matroid. We also use the lifted matroid construction of Buchbinder and Feldman [BF25al].
Let N/ = N X [{]. The element (u, 7) is called the copy of u with color i. We use u, w for elements of
N and z, y for elements of N. For J C [¢(] and S C N, let

77(S) ={u € N | (u,i) € Sforsomei € J} and =(S) = my(S).

Let M’ = (N',Z'), where S € 7' if and only if S contains at most one copy of each element of N'
and 7(S) € Z. An independence oracle query to M’ can be answered using at most one independence
oracle query to M, since a set containing two copies of the same element does not belong to Z'. Note
that |7(S)| = | S| for every S € 7/, and that S x {j} € Z' for every S € Z and j € [{]. The following
lemma guarantees that the lifting preserves the matroid structure.



Lemma 5 (From [BF25a, Lemma 3.5 in the journal version]). M’ is a matroid, and it has the same rank

ras M.

Our algorithm runs on the lifted matroid M’ instead of M: it maintains a basis B of M’ and
finally outputs 7(B), which is a basis of M since 7(B) € Z and |7(B)| = |B| =r.

Potential Function. We also use the potential function g: 2NV 5 R of Buchbinder and Feld-
man [[BF25a] | which is defined for every S C N as

9(8) = ayy- f(mi(9)).

JCle
The following property of g was proved.

Lemma 6 (From [BF25a, Lemma 3.4 in the journal version]). The function g is non-negative, monotone,
and submodular.

In the analysis, we also use the auxiliary function z: 2" — R, defined by

Since 0 < 17 ‘O‘\J\ < ayy| for every J C [¢] and each function S — f(m;(S)) is monotone, we have
0<z2(X+vy)—2(X) <g(X+y)—g(X) forany X C N andy € . (1)

We use the following properties of the coefficients a;.. Here, recall that k = £(1 + 1/£)*.

Fact 7.

(@) ({ —k)agr1 =k(1+1/0)ay forl <k <.

(b) Foreveryi € [{], > ;5,15 = k — {. We also have ) _; L‘é'am =k —L

) >, Qg = O(£?).

(d) ¢t <k <elandl/k <1/e+ 1/L Inparticular,1 —{/k >1—1/e —e.

We defer the proof of Fact[7]to Appendix[A.1] Next, we describe two basic properties of the potential
function g.

Observation 8. Forxz = (u,i) e NV and X C N, g(z | X —z) = ZO‘U\ flu| (X —2)).

J>i

Observation 9. For every X C N, we have g(X) < O(£?) - f((X)). For everyy = (u,i) € N’ and
X C A, we have g(y | X) < (k- 0) - f({u})

We defer the proofs of Observations [§|and[9]to Appendix

®This function is denoted by ¢’ in [BF25al.



2.4 Comparison Inequality

In this subsection, we derive a bound on the potential function g, which is the key inequality in the
analyses of both the algorithm of Buchbinder and Feldman [BF25a]] and our algorithm. We remark that
a special case of Corollary [11]also plays an important role in their analysis (see Section [3).

Lemma 10.

(a) ForeveryC € T',%" . g9(z | C —z) + 2(C) < k- f(7(C)).

1
(b) For every H QN’,%Z Z 9((u,j) | H = (u,5)) = (k=€) - f(OPT) — z(H).

j=1u€OPT

We defer the proof of Lemma[10|to Appendix Adding the two inequalities of Lemma([10]yields
the following.

Corollary 11. Forevery C € 7' and every H C N,

(k=€) f(OPT) < k- f(x(C)) 4+ Dy + Dy,

l
where D1 = z(H) — z(C') and Dy = %Z Z u,j)‘H—(u,j))—Zg(m|C—x).

j=1ueOPT zeC

2.5 Estimating g(z | X — )

Our algorithm needs to evaluate g(z | X — z). By Observation 8| g(z | X — z) is a sum of 267!
terms, each of which can be computed using two value-oracle queries; hence, g(z | X — x) can be
computed exactly using 2¢ = 2°(1/2) value-oracle queries (see Lemma. Our deterministic algorithm
(Theorem [2) uses this exact computation. To improve the dependence on 1/¢ from exponential to
polynomial, our randomized algorithm instead estimates g(z | X — z) by sampling (see Lemma|13).

Lemma 12 (Exact computation). Foranyz € N' and X C N”, the value g(x | X —x) can be computed
deterministically using 2° value oracle queries.

Proof. Let z = (u, 1). By Observation[8} g(x | X — z) is determined by the values f(7;(X — z) + u)
and f(m;(X — z)) for the 261 sets .J C [{] that contain 1. O

Lemma 13. There is a randomized algorithm ESTIMATE (z, X ) which, given x € N” and X C N, uses
O(e731og(n/e)) value oracle queries and w.h.p. outputs g such that M <g<g(x|X—x). Since
each call uses fresh randomness, this holds even if (x, X) is chosen dependlng on the outcomes of previous

calls.

Roughly speaking, the procedure EsTIMATE draws O (£ ~2 log(n /¢)) independent random samples,
computes a value for each sample using value oracle queries, and outputs the average of the computed
values. We defer the proof of Lemma[13|to Appendix

We call an estimate good if it satisfies the inequalities in Lemma[13]

3 Technical Overview: Comparison with the Local Search of Buch-
binder and Feldman [BF25al]

In this section, we first explain the analysis of the local search of Buchbinder and Feldman in terms of
Corollary[11] and then outline how our algorithm uses the same corollary in its analysis. Corollary [11]
states that, for every C' € 7’ and every H C N/,

(k=€) - f(OPT) < k- f(x(C)) 4+ Dy + Dy,



l
where D; = z(H) — 2(C) and Dy = %Z 9((w, ) | H = (u,5)) — Zg(m | C — x).
j=1ucOPT zeC

The Analysis of Local Search of Buchbinder and Feldman [BF25a]]. Roughly speaking, they
compute aset S € 7' by local search, and their analysis essentially applies the inequality in Corollary
with C' = H = S. In this case, we have D; = 0. Moreover, the inequality satisfied by the set S obtained
by local search [BF25a, Inequality (3.4)] implies that Dy < e/ - f(OPT)F| Combining these bounds
and dividing by x > ¢, we obtain f(7(S5)) > (1 —¥¢/k —¢) - f(OPT). Since1 —¢/k > 1 —1/e —¢
by Fact[7(d), this yields a (1 — 1/e — O(e))-approximation.

However, their local search for finding a set S satisfying [BF25a, Inequality (3.4)] uses O(nr -
2001/9)) queries, or O((n 4 rv/n) - 2°1/2)) queries with randomization, which is not nearly-linear in
n when r is large.

The Analysis of Our Protected Local Search.  Our protected local search performs T = O(e~3)
phases, each of which is a single pass over decreasing thresholds © in which every element y is pro-
cessed at most once: y is swapped in for an element x of the current basis only if removing = costs
less than about ©, and otherwise x is protected, i.e., kept in the basis until the end of the phase; see
Algorithm 1] for details.

Fix a single phase, and let By and B be the bases at the beginning and the end of this phase,
respectively. Let A = g(Bj1) — g(By) be the increase in g during this phase. We show that A > 0
and f(m(By)) > (1—12 — O(E)) - f(OPT) — O(A) (Lemma. To prove the second inequality, we
apply Corollary[11|to the sets C' and H at the end of the phase. Since C' C By and f is monotone, we
have f(m(By)) > f(m(C)), and hence it suffices to upper-bound D; + Ds. For the upper bound on
D1 + Do, see the paragraph Plan of the Proof of Lemmal[17in Section 5]

Lemmall7/means that if A < e f(OPT), then 7(By) isa (1 — 1/e — O(¢))-approximate solution;
otherwise, the phase increases g by more than ¢ - f(OPT). Since A = ¢g(B1) — g(Bp) > 0 for every
phase and g(B) < O(£?) - f(OPT) for every basis B of M’ (by Observation|[9), the total increase of
g over T phases is at most O(¢2) - f(OPT). Hence, for T = ¢3, some phase satisfies A < O(¢2/T) -
f(OPT) = O(e) - f(OPT) since ¢ > 1/e, and its starting basis By yields a (1 — 1/e — O(¢))-
approximation. Our algorithm returns the best among the starting bases of the T" phases.

4 Our Protected Local Search Algorithm

4.1 Parameters

We first construct a basis Bjyj, of M greedily using n independence queries, and compute frax
maxyen f({u}) using n value queries. Since we assume that M has no loops, we have fiax
f(OPT). If fmax = 0, then 0 < f(0) < f({u}) = 0 by monotonicity, and Fact[3[b) gives f(X)
Y uex f({u}) = 0 for every X C N; hence we simply return Bipis.

The parameters in our algorithm are listed in Table[2| The thresholds are ©; = O yax (14 ¢)~¢—1)
for t € [tmax|, Where tpay is the largest ¢ with ©; > ©p;,. Note that ©; . < (1 + £)Opin. Since

Omax/Omin < kr < elr by Fact d) and In(1 + ¢) > £/2 for € < 1, the number of thresholds is
log(# 1

tmax = O(ogir)) = O(og(:/e)) By Observation |9} we have g(y | X) < (k — £) - fiax = Omax

for every y € N" and X C N,

INIA

*To see this, note that Inequality (3.4) of [BF25al] states that >, .. g(v | S—v) =Y s g(u | S—u) <& g(OPT’) for
every T € I', where ¢’ = /(e(1 +1n¥)) and OPT’ is a set in Z' maximizing g. Applying this with 7= OPT x {j} € '
for each j € [¢] and averaging over j, we obtain D2 < &’-g(OPT’). Combining this with g(OPT’) < ef(1+1In¥)- f(OPT),
shown at the end of the proof of [BF25a, Lemma 3.6], yields the claimed bound D> < ef - f(OPT).



Table 2: Parameters of the algorithm.

Symbol Value Role

14 [1/e] number of colors

Omax (k—2) - fmax upper limit for thresholds
Omin fmax/T lower limit for thresholds

O, Omax - (1 + 8)_(t_1), t € [tmax| thresholds, in decreasing order
T & number of phases

Algorithm 1 Puasg(B)
Input: a basis By of M’
1: A« (; C + Bp; markevery y € N’ as unprocessed
Throughout: B=AUC, H=ByUA, v(y) =gy | H—vy), ANz) =g(z | C —x).
2: for © = (“)1, @2, ey @tmax do

3. for each unprocessed y € N, in arbitrary order do
4: if (y) < © then continue >y stays unprocessed
5 while y ¢ Aand A+y € 7' do > processing of y
6: if y € B then
7: Ty
8: else
9: x < an element of C'\ Asuchthat B—z+yeZ’ > by the binary search
technique (Lemma [4)
10: if A(z) > ©/(1 +¢)? then
11: A—A+zx > protect
12: else
13: C+—C—z;, A+ A+y > exchange x for y
14: break
15: mark y as processed

16: return By = AU C

4.2 One Phase

Our algorithm consists of 7" phases, each of which is described in Algorithm 1]
A phase starts from a basis By of M’ and maintains the following sets.

A. The elements that stay in the current basis until the end of the phase; A never shrinks. An element
enters A in one of two ways: it is protected if it is added to A in Line |11} and it is inserted if it is
added to A in Line

C C By. The elements of By that have not been deleted. C' never grows.
B = AUC. The current basis.
H = By U A. The set on which gains are evaluated.

The sets A and C' may intersect, since a protected element belongs to both. For the current sets, we
write

Y(y) =gy | H—y) (gainofy) and  A(z)=g(z|C—z) (lossofx).

We call v(y) the gain of y also when y € H, and A(z) the loss of z also when x ¢ C'. We write 5(y)
and \(x) for the estimates returned by EsTIMATE(y, H ) and EsTIMATE(x, C'), respectively.



Algorithm 2 Protected local search
1: Construct a basis Bjyi; of M; compute fiax
. if finax = O then return Bjpj

2
3: set the parameters as in Table

2 BO « By x {1} > every element of the initial basis gets color 1
5: fort =0,1,..., 7T —1do

6: Bt « Puasg(BW)

7: return F(B(t*)), where t* € argmaxo<i<r f(ﬂ'(B(t)))

In words, for each threshold, the phase scans the elements that are still unprocessed. An element
y € N’ whose estimated gain 7(y) is below the threshold © is skipped, and it is scanned again at the
next threshold. Otherwise, the element y is processed: as long as y ¢ A and A + y is independent, the
phase sets # = y if y € B, and otherwise picks an element z € C' \ A such that B—x +y € Z'. The
phase protects z if the estimated loss A(x) exceeds ©/(1+ ¢)?, and otherwise it exchanges z for y and
stops. Afterwards, y is marked as processed and is not examined again in this phase.

The following lemma plays a crucial role in the analysis of our algorithm.

Observation 14 (Monotonicity of y(y) and A(z)). During a phase, H only grows and C' only shrinks.
Hence, by submodularity of g (Lemmald), the gain y(y) of each y can only decrease, and the loss \(z) of
each x can only increase.

4.3 The Whole Algorithm

The whole algorithm is described in Algorithm It first constructs a basis Biyj; of M, computes fiax,
and sets the parameters as in Table [2| It then assigns color 1 to every element of Biyi;, which yields
a basis B©) = By x {1} of M’, and runs T phases starting from B (0), where each phase takes the
basis produced by the previous phase as its input. Finally, it returns the best projected basis 7(B (t))
with respect to f.

4.4 Invariants and Query Complexity of One Phase

In this subsection, we show some invariants maintained during a phase and then bound the number
of oracle queries used in a phase. Both the invariants and the bound hold regardless of whether the
estimates are good.

Lemma 15 (Invariants). Throughout a phase, A € 7', C C By, B = AU C is a basis of M, and
C C B C H. Moreover, A and H only grows and C only shrinks, and each iteration of the while loop
adds a new element to A. In particular, the body of the while loop is executed at most r times in total
during a phase.

Proof. The sets A and C' change only in iterations of the while loop, and the invariants hold at the
beginning of the phase, where A = () and B = C = H = Bj. We show that each iteration maintains
them. Consider an iteration processing y; by the loop condition, y ¢ Aand A+ y € 7'.

We first show that the element z is well-defined and satisfies z € C'\ A. If y € B,thenx =y €
C'\ A, because B= AU C and y ¢ A. Now suppose that y ¢ B. It remains to show that an element
x as in Line E] always exists. To prove this, we use the augmentation property of the matroid M': by
repeatedly adding elements of B to A + y, we obtain a basis B’ of M’ with A+y C B’ C B +y.
Since |B'| = |B| and y € B’, we have B’ = B — 2/ + y for some 2/ € B, and 2’ ¢ A because A C B'.
Hence 2/ € B\ A = C'\ Asatisfies B— 2’ +y € 7/, and thus an element z as in Line[9|always exists.

We next consider the update.

« If z is protected (Line[11)), then A becomes A+x C B, which is independent. Since z € C' C By,
none of B=AUC, C,and H = By U A changes.

10



« Ifz # yis exchanged for y (Line[13), then y ¢ B, and B becomes (A+y)U(C —z) = B—z+y.
This is a basis of M’ that contains the new set A + . The set H becomes H + v, and C becomes
C -z

« Ifx = yis exchanged for y, then y moves from C'to A, so B and H do not change,and A+y C B
is independent.

In all cases, C C Bypand C C B C AU By = H still hold, A and H do not shrink, and C does not
grow. Finally, every iteration adds an element not in A (namely, z or y) to A. Since A € 7’ has at most
r elements, there are at most r iterations. O

Lemma 16 (Query complexity of one phase). PHASE(By) makes O(¢~2nlog(n/c)) calls to ESTIMATE.
Moreover, PHASE(By) uses O(c~°nlog?(n/c)) value-oracle queries and O (e~ 'n+rlog r) independence-
oracle queries.

Proof. We first count the value-oracle queries, which are used only in the calls to ESTIMATE. For each
of the 5 thresholds, the gain of each unprocessed element is estimated once, so the number of gain
estimates is at most [N7| - tmax < nltmax = O(e~2nlog(n/e)). A loss is estimated once per iteration
of the while loop, so by Lemmathe number of loss estimates is at most » < n. Hence, PHASE(B))
calls EsTiMATE O(e~2nlog(n/c)) times. By Lemma each call uses O(e 73 log(n/e)) value-oracle
queries, and thus the number of value-oracle queries is O(¢~°nlog?(n/¢)).

We next count the independence-oracle queries. Recall that each independence-oracle query to
M’ is answered by at most one independence-oracle query to M. Independence-oracle queries are
used only to check the loop condition A + y € 7’ and to find x in Line @

« Each check of whether A + y € 7 either leads to an iteration of the while loop, which happens
at most 7 times by Lemma 15| or ends the processing of y, which happens at most once for each
y, i.e., at most [N’| < nl times.

« Line E] is executed at most once per iteration, i.e., at most r times. We apply Lemma 4| to M’
with S = B, T = C'\ A, and v = y. A desired element exists by the proof of Lemma and
|T'| < |B| =, so each execution uses O(log 1) queries.

Hence, the number of independence-oracle queries is O(nf + rlogr) = O(e " 'n + rlogr). O

5 Analysis of One Phase

Throughout this section, we consider a single phase, and we assume that every estimate made during
it is good.

Lemma 17 (Phase lemma). Let By and B; be the starting and ending bases of a phase in which all
estimates are good, and let A = g(B1) — g(By). Then A > 0 and

F(w(B0) = (1- =~ 0()) - (OPT) ~ O(A).

e

Notation. For a processed element y, let O(y) be the threshold at which it is processed. Let E be
the set of elements inserted by exchanges (Line|13) during the phase, and let P be the set of protected
(Line [11) elements. For y € F, let x,, be the element deleted from C' in its exchange, and let

ay =v(y) and by = Azy),

where 7 and )\ are evaluated immediately before that exchange. Unless stated otherwise, A, C, H, v,
and A refer to the end of the phase.
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Plan of the Proof of Lemma([17] We apply Corollary[11]to the sets C' and H at the end of the
phase. Since C' C By and f is monotone, we have f(m(By)) > f(w(C)), and hence it suffices to
upper-bound Dy 4+ D,. We first collect basic properties of a phase: Claim[18|bounds the gain of each
element in terms of the thresholds, and Claim [19shows that each exchange increases g by at least an
e-fraction of the gain of the inserted element, which in particular implies A > 0. Next, we upper-
bound D; = z(H) — z(C) by Claim[20} each exchange changes z(H) — z(C) by at most O(a,) while
increasing g by at least Q(¢) - a,, (Claim[19), and hence D1 = O(A/e). Finally, we upper-bound D; by
Claims and[23] Claim [22]is the heart of the analysis; it plays the role of the approximate local
optimality [BF25al Inequality (3.4)] in the analysis of Buchbinder and Feldman [BF25al], and bounds
the total gain of any independent set by the sum of the thresholds at which the elements of A entered
A. These thresholds are bounded by the losses of the protected elements (Claim 21) and by A for the
inserted elements (Claim [20), which yields Claim

Using Observation we first show that the gain of each element is bounded in terms of the
thresholds.

Claim 18. Ify is processed at threshold ©, then © < ~(y) < (1 + O(e)) - © throughout its processing.
Moreover, every element y that is unprocessed at the end of the phase satisfies y(y) < (1 + O(¢)) - Omin
at the end of the phase.

Proof. While y is processed, H = By U A can change only at an exchange in Line[13] after which the
processing of y immediately ends. Indeed, a protection adds an element of C' C By to A, and hence
does not change H. Hence, v(y) = g(y | H —y) does not change during the processing of y. The lower
bound follows from v(y) > 7(y) > ©, where the second inequality holds because y was not skipped
in Line |4l For the upper bound, if ©® = Oy,,y, then it follows from (y) < Opax (see Section .
Otherwise, y was skipped in Line |4 at the previous threshold (1 + ¢)0, i.e., 7(y) < (1 + £)O held at
that time. Hence, at that time, v(y) < (1 4+ £)3(y) < (1 + £)20, and by Observation[14 ~(y) has
not increased since then. Therefore, in both cases, © < v(y) < (1 + O(¢)) - © holds throughout the
processing of y.

Let y be an element that is unprocessed at the end of the phase. Then, y was skipped in Line
at the last threshold O, < (1 4 €)Omin, ie., Y(y) < O4,.. held at that time. Hence, at that time,
Y(y) < (1 +¢e)7(y) < (1 + €)?Omin, and by Observation [14, v(y) has not increased since then.
Therefore, v(y) < (14 O(g)) - Omin at the end of the phase. O

For y € FE, let A, be the increase of g(B) caused by the exchange that inserts y (Line , ie.,
Ay = g(B — zy + y) — g(B), where B denotes the basis just before the exchange. Recall that A =

9(B1) — 9(Bo).
Claim 19.

(a) In each iteration of the while loop during the processing of y, if y € B at that time, then x = y is
chosen in Line[9 and y is protected (Line[11) in that iteration. Consequently, just before each exchange
in Line[13, we havey ¢ B and x # y.

(b) Foreveryy € E, we have O(y) < a, and b, < a,/(1 + €). Moreover,

Ay > ay —by >

€
——ay > 0.
PR

Proof. (a) Suppose that y € B in an iteration of the while loop during the processing of y; then z = y
by Line[9 Since y € B = AU C and y ¢ A by the loop condition, we have y € C' C By C H. Thus,
C —y C H — y, and hence

AMy) =9y |C—-y)>g(y| H—-y)=(y) =06,
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where the first inequality follows from the submodularity of g (Lemma [6), and the last inequality
follows from Claim Therefore, A(y) > Ay)/(14¢) > ©/(1+¢) > ©/(1+¢)?, and hence the test
in Line [10[succeeds for x = y, and y is protected in Line 11} Consequently, an exchange is performed
only in an iteration with y ¢ B; since z is chosen from C'\ A C B in Line @ we also have x # y.

(b) Let y € E, let x = x,, and let B be the basis just before the exchange that inserts . Since the
exchange is performed during the processing of y at threshold ©(y), Claim[18|gives ©(y) < v(y) = ay.
Since the exchange is performed only when the test in Line [10|fails, we have A(z) < O(y)/(1 + ¢)2,

~

and hence by, = A(z) < (1 +¢)A(z) < O(y)/(1+¢) <ay/(1+¢). Since x € B, we have
Ay=9g(B-z+y)—g(B)=9g(y|B-2z)-g(z|B-=z).

Since B=AUC C H and y ¢ B by (a), we have B —z C H — y; moreover, C — 2 C B — z. By the
submodularity of g, we obtain g(y | B—xz) > g(y | H—y) = ayandg(xz | B—xz) < g(z | C—xz) = by,
and hence A, > a, — by. Finally, a, — b, > ay, — a,/(1 + €) = eay/(1 + ), which is positive since
ay > O(y) > 0.

(c) A protection (Line[11) adds an element of C to A, and hence does not change B = AUC'. Thus,
B changes only through exchanges, and since each y € E is inserted by exactly one exchange, we
have A = g(B1) — g(Bo) = >_,cp Ay Since Ay, > 0 for every y € E by (b), we have A > 0. O

The next claim upper-bounds D; = z(H) — z(C) by tracking its change during the phase: each
exchange changes it by at most O(ay), while increasing g by at least Q(¢) - a, by Claim[19(b). The
same argument also bounds ), - ©(y), since O(y) < a,. Recall that O(y) is the threshold at which
Yy is processed.

yek

Claim 20. At the end of the phase, both Dy and ), ; ©(y) are O(A/e).

Proof. By Claim A=3cpBy > 152 ey 50 Y cpay = O(A/e). Since O(y) < ay by
Claimb), this gives > -, O(y) < >_ cpay = O(A/e).

To show Dy = O(A/e), we track z(H) — z(C') during the phase. At the beginning of the phase,
z(H) — z(C) = 0 since A = () and hence H = C' = By. The protections (Line [11) change neither
H nor C, since they only add an element of C C By to A and H = By U A. Thus, z(H) — z(C)
changes only through exchanges. Consider an exchange that inserts y € E and deletes x, and let H
and C denote the sets just before it; the exchange replaces H by H + y and C' by C' — z. By (1) and
the submodularity of g, we have

2(H+y)—2(H) < gy | H) < g(y | H—y) = ay,
2(C) —2(C—2) <glx|C—z)=0by < ay,
where the last inequality follows from Claim[19(b). Hence, each exchange increases z(H) — z(C) b

at most 2a,. Since each y € E is inserted by exactly one exchange, we obtain D; = z(H) — 2(C)
23 ep ay = O(A/e) at the end of the phase.

<

LTIA

Using Observation [14] we show that every protected element stays in C' and keeps a large loss.

Claim 21. Every protected element x € P belongs to the final C. Moreover, if x was protected at threshold
©, then ® < (1 + O(¢)) - A(z) for the final C.

Proof. Let z € P. When z is protected (Line [11), « belongs to C' and is added to A. Since an element
is deleted from C only if it belongs to C'\ A, and x stays in A, the element x is never deleted; hence x
belongs to the final C. R

Next, suppose that = was protected at threshold O. At that time, we have A\(z) > A(z) > ©/(1
£)?. Since A(z) does not decrease afterwards (Observation [14), we obtain © < (1 + €)% - A(z)
(14 0(e)) - A(x) for the final C.

OIN +

13



The next claim is the heart of the analysis. It plays the role of the approximate local optimal-
ity [BF25al Inequality (3.4)] in the analysis of Buchbinder and Feldman, and is the main tool for upper-
bounding Ds.

Claim 22. Let@; > 609 > --- > 0‘A| be the thresholds at which the elements of the final A entered A,
listed in order of entry, and set 0; = Oy for |A| < i < r. Then, at the end of the phase, every S € T’

satisfies
Z Y(y (14+0(e Z 0;.

yes

The proof of Claim[22| compares the order in which the elements of .S are processed with the order
in which elements enter A. Let y; be the i-th processed element of S, and consider the moment when
its processing ends. At this moment, each of y1, . .., y; is spanned by A, and hence |A| > i, i.e., the i-th
element to enter A did so no later than this moment. Since thresholds decrease over time, this gives
0; > O(y;). On the other hand, Claim [18] gives y(y;) < (1 + O(e)) - ©(y;) at the end of the phase.

Combining these two inequalities and summing over i yields the inequality of Claim [22]

Proof of Claim[23 We say that y is spanned by Aif y € Aor A+y ¢ T'. The processing of an element
y ends only when the loop condition fails (i.e., y is spanned by A) or after an exchange (Line [13) that
inserts it into A, so every processed element is spanned by A at the moment its processing ends. It
remains spanned afterwards, because A only grows.

Let 1, . .., yi be the elements of S that are processed during the phase (
order in which they are processed. Fix i € [k]. When the processing of y; ends, the set {y1,...,y;} C S
is independent (as S € Z’) and all of its elements are spanned by A. Since A C B is independent, if
|A| < i at that moment, then the augmentation property gives some y;, ¢ A (h < i) with A4y, € 7',
which contradicts that y;, is spanned by A. Hence, ; ends. Since
A never shrinks, the i-th element to enter A did so no later than the end of the processing of ;.
Since thresholds never increase over time, 6; > ©O(y;). Therefore, at the end of the phase, v(y;) <
(14+0(¢))-O(yi) < (1+0(e)) - 0, where the first inequality holds since y(y;) < (1+ O(¢)) - O(y;)
while y; is processed (Claim and 7(y;) does not increase afterwards (Observation .

Let Yg+1,- - -, Y5 be the remaining elements of S, which are unprocessed, in arbitrary order; note
that |[S| < r since S € 7' (yi) < (1 4+ 0(€)) - Omin <
(14+0(e))-0; at the end of the phase, where the last inequality holds since 6; > O, (every threshold is

|S]
atleast © ;). Combining these bounds and using 6; > 0 for every ¢, we obtain Z v(y) = Z Y(yi) <
yeSs i

S|

(1+0(e Ze<1+o Ze O

Using Claim [22] we obtain the following inequality, which is used to upper-bound D5.

Claim 23. At the end of the phase,

l
ZZZ (1,9)) < (14+0() 3 M) + 03 OW) + funes ).
j=1ueOP

zeC yek

Proof. For each j € [¢], we have OPT x {j} € 7', and hence Claim[22] with S = OPT x {;} gives

> (i) < (1+0() Y0

u€OPT

14



Each element of A entered A either as a protected element = € P, at a threshold of at most (1+O(¢)) -
A(z) by Claim[21] or as an inserted element y € F, at threshold ©(y). The remaining r — |A| values
0; are equal to Onin, and they sum to at most 7O nin = fmax. Hence,

Ze<1+o )Y A@) + D O0W) + fuax < (1+0() D A@) + Y OY) + fmax,

z€eP yekr zeC yeER

where the last inequality holds since P C C by Claim[21]and A(z) > 0 for every z € C'\ P by the
monotonicity of g. Combining this with the first inequality, we have, for every j € [¢],

> N(w.0) < (1+06) X A@) +0(3O0) + fun).
ueOPT zeC yekE

Since the right-hand side does not depend on j, summing this inequality over j € [¢] and dividing by
¢ yields the claim. O

We now prove Lemma 17| using the claims established above.

Proof of Lemma[1}, We have g(B1)—g(By) = A > 0by Claim[19c). We apply Corollary|[11]to the final
sets C' € 7' (recall that C' C Bp) and H. In the notation of this section, Dy = 7 Z > weopt Y((u, 7)) —

> wec M) By Clalmsﬂand.

D1+D2<O Z)\ (?)—I-O(fmax).
zeC

By Lemma [10[a) and 2(C) > 0, we have 5 . A(z) < & - f(7(C)). Plugging these bounds into
Corollary[11]and dividing by k, we obtain

(1) 5P < (14 0@ - £(x(@) + 0 2) + o L),

By Factd), we have 1 —//k > 1 —1/e —ecand k > £ > 1/c. Together with fi.x < f(OPT), this
gives

(1-1-0() - FOPT) < (1 4 0() - F(x(C)) + O(4).
Dividing by 1 4+ O(e), we obtain f(7(C)) > (1 — 1/e — O(¢)) - f(OPT) — O(A). Finally, C C By
and monotonicity of f give f(mw(By)) > f(m(C)). Therefore, we obtain

F(w(B) > [(x(C)) > (1~ ~0()) - F(OPT) ~ O().

(&

6 Proof of the Main Theorem

In this section, we present the approximation guarantee and the query complexity of Algorithm
(Theorem [24), which implies Theorem

Theorem 24. Algorithm[dreturns a basis S of M such that, wh.p., f(S) > (1—1/e—O(¢))- f(OPT).

It uses O(¢~®nlog?(n/e)) value oracle queries and O(c~*n + e ~3rlogr) independence oracle queries.
Proof. Since 7 maps bases of M’ to bases of M, the output is a basis of M.

Probability. By Lemma regardless of the outcomes of the estimates, the algorithm calls
EstiMaTE O(Ts 2nlog(n/e)) = poly(n/ec) times. By Lemma each call is good w.h.p., even con-

ditioned on the previous calls. Hence, by the union bound over the calls, w.h.p. all estimates are good.
In the rest of the proof, we assume this.
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Approximation Guarantee. Let A; = g(B(*+1))—g(B®), which is non-negative by Lemma
We have

N
-

Ay = g(BT) - g(BY) < g(BD)) <O - f(OPT),

Il
o

where the last inequality follows from Observation |§I and 7 (B (T)) € Z. Since T = (3, some phase ¢
satisfies A; < O(¢2/T) - f(OPT) = O(e) - f(OPT). By Lemma|[17|applied to this phase,

1 1
f(x(BM) = (1= == 0(e)) - F(OPT) = O(A) = (1=~ = O() ) - F(OPT).
Since the algorithm returns the best starting basis, the output also satisfies this bound.

Query Complexity. By Lemma and T = O(e~3), the T phases use O (¢ ~*nlog?(n/¢)) value
oracle queries and O(e~*n +e~3rlog r) independence oracle queries in total. The preprocessing uses
O(n) value and independence oracle queries, and choosing the best starting basis uses 7" value oracle
queries. O

6.1 Deterministic Algorithm.

We obtain Theorem [2| by replacing every call ESTIMATE in Algorithm [2| with the exact computation
of g(z | X — z) in Lemma |12} all other steps are deterministic. Since exact values are always good,
the proof of Theorem [24] applies without the probability argument, and the number of independence
oracle queries does not change. Each of the O(Te~2nlog(n/¢)) calls to ESTIMATE now uses 2° =
20(1/¢) yalue oracle queries, and hence the total number of value oracle queries is O (T e 2nlog(n/ 5)) :
20(1/e) = O(n logn - 20(1/5)).

Declaration of Generative Al Use. The main ideas behind our protected local search algorithm and
its analysis were developed largely with the assistance of GPT-6 Astra (OpenAl). We also used GPT-6
Astra (OpenAl), Claude Opus 5.5, and Claude Fable 5.1 (Anthropic) to assist in drafting the manuscript
and improving its language and presentation. We carefully verified and revised the proofs and take
full responsibility for the paper.
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A Omitted Proofs

In this appendix, we restate the lemmas whose proofs were omitted from the main body, and provide
their proofs.

A.1 Omitted Proofs in Section [2.3]

Fact 7.

(@) ({ —k)agr1 =k(1+1/0)ay forl <k < /L.

(b) Foreveryi € [{], Y ;5 oy = Kk — £. Wealso have ) ; |—‘l{|0z|J| =K —4.

(€) X2y g = O(£2).
(d {<rk<elandl/k <1/e+ 1/C. Inparticular,1 — /x> 1—1/e —¢.

Proof of Fact[} () ay1/ar = (L+1/0)(;23) /(51 = A+ 1/0) k/ (€ — ).

(b) There are (f;_l) sets J > ¢ of size k in the sum, and (k—l)ak = (14 1/€)k~1. Hence, the sum
is 22:1(1 +1/0)*1 = ¢((1+1/€)* —1) = K — L. For the second identity, there are (f;) sets .J of size
k in the sum, and (i)% = (ﬁ:ﬁ) Hence, the sum equals Zk 1 (k 1)0% Zk L(1+1/0)F1 which
is k — ¢ as shown above.

(c) There are (f;) sets of size k in the sum. Since (ﬁ) ( ) we have (ﬁ)a
¢(1 4 1/£)*=1 < ef, where the last inequality uses (1 + 1/€)k L < (1+1/0)¢
k € [¢] gives the claim.

(d) For every ¢ > 0, we have (1 + 1/¢)¢ < e < (1+ 1/£)**1. The first inequality gives x < e/, and

=L(1+1/0)F1 <
< e. Summing over

the second gives £/k = (1 +1/0)~¢ < (1 +1/€)/e < 1/e+ 1/L. O
Observation 8. Forz = (u,i) e N'and X C N, g(zx | X —z) = ZO‘U\ (u| 75X — ).
J3i
Proof of Lemmal[§ By the definition of g,
gz | X —2)=g(X +2) — g( ZO‘W\( fma( X—i—x))—f(TrJ(X—x))).
JC[/]

We consider the value f (7 (X +x))— f(m;(X—x)).Ifi ¢ J, thenm;(X+z) = 7 (X —x),and hence
the term is zero. If i € J, thenm;(X +x) = m;(X —)+u, and hence f(m;(X+z))—f(m;(X—z)) =
f(u|7;(X — z)). Combining these yields the claim. O

Observation 9. For every X C N, we have g(X) < O(¢2) - f(n(X)). For everyy = (u,i) € N’ and
X CN, wehaveg(y | X) < (k= ¥£) - f({u}).
Proof of Observation[9 The first inequality holds since
9(X) =" - (X)) < (D ) - F(=(X)) = O - f(w(x),
JC] JC

where the inequality follows from o7 > 0 and f(7;(X)) < f(7(X)) (by m;(X) € 7(X) and the
monotonicity of f), and the equality follows from Fact [7(c). For the second inequality, let y = (u, ).
Then

g X) < gly | 0) =D - flu]0) = (k=) flu]0) < (v~ ) f({u}),
PEY

where the first inequality follows from the submodularity of g (Lemma [6), the first equality follows
from Observation|[8|and 7 ;(()) = (), the second equality follows from Fact[7[b), and the last inequality
follows from f(0) > 0. O

18



A.2 Omitted Proofs in Section Comparison Inequality

Lemma 10.

(a) ForeveryC € Z,% .o g(x | C —z) + 2(C) < k- f(7(C)).

l
(b) For every H Q/\/",%Z Z 9((w,5) | H= (u,5)) > (k= £) - f(OPT) — 2(H).

j=1 u€OPT

Proof of Lemma([10 (a) We have

Z gz |C—x)= Z ZO‘U\ (u|m;(C) —u)

zeC (ui)eC JTi
=D oy, Y. [flulm(C)-u)
JC[ 1€ uemng;y(0)
< > gy D () ~ (- z(C))), (2
JC[) 1eJ

where the first equality follows from Observation[§|and 7;(C' — z) = 7;(C) — ufor z = (u,i) € C
and J > 17, the second equality follows by exchanging the order of summation, and the inequality
follows from Fact a) with T' = 7;(C) and S = 7;_;(C), since w3 (C) = 7;(C) \ 7;-i(C). Here,
both 71;(C — x) = 7,(C) — wand 7(; (C) = 7;(C) \ 7;-;(C) hold because C' contains at most one
copy of each element.

The right-hand side of the inequality (2) plus z(C') := ZJQ[Q % ag| - f(75(C)) equals
J
Do 1y f(mi(C) = > ay o fm—i(C) + ) ualJlf(”J(C))'
JCle JCle et JCle

The first and third sums together equal } . |K[(1 + 1/¢) x| f(7x (C)). For the second sum, the
pairs (J,4) with i € J correspond one-to-one to the pairs (K, i) with i ¢ K via K = J — i, and hence

Z@m S Fm-i0) =)0 g £ (C) =D (0= K| aygpn f(7x(C)).

ied K i¢K K

Therefore, the right-hand side of the inequality (2) plus z(C) equals Y, cx - f(7mx(C)) with

1
exc = K| (1+ 7 )agmg = (€= 1K) oy

Setting ayy41 = 0, we obtain

S gl | C—2)+2(0) < 3 (1K +1/0apk) — (¢ = K o) - Fmx(0)).

zeC KC[

By Fact [7(a), the coefficient vanishes for 1 < |K| < £. For K = 0, the coefficient is negative. For
K = [{], the coefficient is (¢ + 1)y = &, which completes the proof of (a).
(b) Fix j € [¢] and u € OPT. We have

g((u ) | H = (u,)) =Y oy fu|ms(H > - flu| m(H)),

J3j Joj

where the equality follows from Observation|8] For the inequality, if (u, j) ¢ H, then H — (u, j) = H,
and hence it holds with equality. If (u,j) € H, then u € 7w ;(H) for every J > j, and hence the
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right-hand side is 0, while the left-hand side is non-negative by the monotonicity of g (Lemma [6). We
also have

> f(u|m(H)) > f(OPTUR,(H)) — f(7,(H)) = f(OPT) — f(m,(H)),

ueOPT

where the first inequality follows from Fact[3(b), and the second follows from the monotonicity of f.
Combining the two inequalities above, for each j € [/],

> 9((wd) | H = (u, Zam( OPT) f(?TJ(H)))

u€OPT J3j

Summing this inequality over j € [/] and dividing by ¢, we obtain

—_

V4 y4
DI (o) | H = (0,5) = 3 325 o (FOPT) = 1y (1)

j=1 u€OPT j=1J3j

— (5— ) J(OPT) — =(1),
where the first equality holds since each J C [/] appears exactly |J| times in the double sum, once for
each j € J, and the second equality follows from Fact [7(b) and the definition of z. O
A.3 Omitted Proofs in Section[2.5; Estimating g(z | X — )

Lemma 13. There is a randomized algorithm ESTIMATE(x, X ) which, given x € N/ and X C N’, uses
O(e73log(n/e)) value oracle queries and w.h.p. outputs g such that %_ﬁ_m) <g<g(z|X—x). Since
each call uses fresh randomness, this holds even if (z:, X) is chosen depending on the outcomes of previous
calls.

To prove Lemma 13| we first show the following lemma.

Lemma 25 (Sampler). Let v = (u,i) € N’ and X C N’. Choose k € [{| uniformly at random, then
choose J uniformly at random among the subsets of [¢] of size k that contain i, and let

={(1+1/0)+ 1. flu| (X —x)).
Then,E[Y] =g(z | X —2) and0 <Y <el-E[Y].

Proof. Given |J| = k, the set J is uniformly distributed over the (ﬁ_ll) sets of size k containing ¢, and
Pr[|J| = k] = 1/¢. Hence, each set J > i is chosen with probability 1/(¢ (IJ\ 1)) Since (ﬁ i) ap =
(14 1/£)*=1 for every k € [{], we obtain

|7|=1
BIY) = 3 R (a0 ) = S (a0 ) =l | X ),
J2i |J]—1 J>i

where the last equality follows from Observation 3]

Let ho = f(u | 7 (X — x)). Every sampled J contains 4, so 7;(X — z) 2 7y (X — z), and
submodularity gives Y < £(1 + 1/£)*"1hg < efhg. On the other hand, J = {i} with probability 1/,
and then Y = (h. Since Y > 0, this gives E[Y] > £ - (hg = ho, and hence Y < e/ - E[Y]. O

We use the following standard Chernoff bound.
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Algorithm 3 EsTIMATE(z, X)

Input: z € N and X C N’
1: draw m = @(55_2 log(n/¢)) independent samples Y7, ..., Y, of Y in Lemma

2: return 1+e/3 LS Y

Fact 26 (Chernoff bound; see, e.g., [DP09, Theorem 1.1]). Let Y1, ..., Y., be independent random vari-
ables taking values in [0, R), and let p = E[>""" | Y;]. Then, for0 < n < 1,

(3o o] 2 ] <200 ()

Proof of Lemma[13 We show that Algorithm [3] satisfies the conditions of Lemma Leta = g(x |
X —x). Ifa = 0, then Y = 0 with probability 1 and the output is 0. Otherwise, by Lemma
each sample Y satisfies 0 < Y; < efa and E[Y;] = a. Hence, Factwith R = ela, p = ma,
and 7 = £/3 shows that the average Y of the m samples satisfies |Y — a| < ea/3 with probability
at least 1 — 2exp(—Q(e?m/¢)), which is w.h.p. by the choice of m. In this case, the output § =

Y /(1 + ¢/3) satisfies § < aand g > hi;‘g > 14 Each sample uses two value oracle queries,

f(rs(X —x) + u) and f(m;(X — z)). Since £ = O(1/e), the number of value oracle queries is
2m = O(e 3 log(n/e)). O
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